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Prisoners’ dilemma:

C
C /R\R >\l C: cooperate
@ KT, S @ D: defect
T>R>P>S

Dominant Strategy : It is always
better than any other strategy, for
any profile of other players” actions.

So (D,D) is the nash equilibrium.

but it’s inefficient!!
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Why nash equilibrium is so shocking?

Every individual . . . neither intends to promote
the public interest, nor knows how much he 1s
promoting it. . . . He intends only his own gain,

and he is in this, as in many other cases, led by

an invisible hand to promote an end which was

no part of his intention. By pursuing his own Adam Smith

interest he frequently promotes that of the

society more effectually than when he really
intends to promote it.

—— (the Nature and Causes of the Wealth of Nations)

bo thous lc@opatitromersstaby wbelniag it ! !
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Repeated games:

* asetof players

* histories: actions sequences

* the player function: assigns a player to one history
* preference

Challenger

Incumbent
Acquiesce 1,2
Entry game

* players: the challenger and the incumbent o 0.0

* histories: (In, Acquiesce), (In, Fight), and Out
* the player function: P(@) = Challenger and P(In) = Incumbent({fifi#)

* preference:

u, (In, Acquiesce) = 2, uy(In, Fight) =0 and u,(Out) =1
Uy (In, Acquiesce) =1, u,(In, Fight) =0 and u, (Out) =2
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a function that assigns to each history h after which it is player i’s
turn to move (i.e. P(h) =1, where P is the player function) an action
in A(h) (the set of actions available after h).

The strategy in repeated games:

Example:
The strategies of player 1 are
CG, CH, DG, DH
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If we make actions contingent on the history, how many
strategies are there?

All possible strategies in the second stage
The strategy set is too huge, 1t’s should be si llz_)l‘ied! !
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Representative strategies:

%53

ALLC GRIM Tit-For-Tat

—® L (3

ALLD CANARY (4 2245) WSLS
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In 1978, Robert Axelrod, a political scientist, decided to conduct a

Axelrod’s tournament :

Prisoners’ dilemma championship. He invited people form all over the
world to submit strategies for the repeated game. The strategies had to be
formulated in terms of computer programs. Every strategy played every
other strategy. The payoff from each encounter were added up. In the end,
Axelrod analyzed which strateqy had the highest total payoff.

The final winner is Tit-For-1at(TFT), even THE

though there are many more “clever” strategies. EVOngtiOH

Cooperation

Axelrod summarizes the reason and published
(The evolution of cooperation )
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Axelrod’s tournament :

TFT

TFT: CCCCccccecc... * It’s never the first to defect;

TFT: CCCCCCCCcCcC... *  Never try to get more than the
opponent in a direct pairwise

TFT: CCCCCccccc... comparison,
GRIM : CCCCCCCCCC... *  However, the payoff sum over all

matches is higher than any other

TFT: CDDDDDDDD... strategy.

ALLD : DDDDDDDDD...

It’s apparently very successful at inducing
TET: CDCCCCCCCC... cooperation from other strategies

CANARY : DDCCCCCCCC...
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Axelrod’s original tournaments were conducted in an error-free digital

Achilles’ heel:

universe, but real-world situations are permeated by mistakes. A
“trembling hand” can lead to a misimplementation of one’s own action. A
“fuzzy mind” can cause the misinterpretation of the opponent’s move.

TFT: CCCDCDCDDD...
TFT: CCCCDCDDDD...

e TFT cannot correct mistakes

*  When play with ALLC, TFT is not a Evolutionarily Stable Strategy,
random drift(MEHLIRAR) can lead from TFT to ALLC.
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A two-player strategic game with ordinal preferences is symmetric if the

Symmetric games:

players’ sets of actions are the same and the players’ preferences are
represented by payoff functions ul and u2 for which ul(al, a2) = u2(a2, al)
for every action pair (al, a2).

Player1: Player2:

A B A B
A (a b) A (a C)
B \c B \b d

A B

A (a,a b,c)

B \c,b d,d

Prisoners’ dilemma: C D

C R R 5T
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» Aisa Strict Nash Equilibrium ifa>c

Strict nash equilibrium:

A B * Aisa Nash Equilibrium if a = c
A (a b
B (C d) * Bisa Strict Nash Equilibrium if d > b

* Bisa Nash Equilibrium ifd = b
There may be no dominant strategies, so we should use the primitive definition
of Nash Equilibrium:
A Nash equilibrium is an action profile a* with the property that no

player i can do better by choosing an action different from a;, given

that every other player j adheres to a; .

Playerl: A B Player2: A B
s (¢ o) s 6o
B \c d B\b d
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In an intense competitive environment, imagine there is a large population

of A players. A single mutant of type B is introduced. What is the
condition for selection to oppose the invasion of B into A?

Evolutionarily stable strateqy(ESS):

A B Let us assume there is an infinitesimally small quantity
A (a b) of B invaders. The frequency of B is €, and the frequency
B \c d of Ais 1-¢.

The fitness of A is greater than B if:

a(1l-€) + be > c(1-¢) + de




Evolutionarily stable strateqy(ESS):
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canceling the & terms, this inequality leads to:

a(1l-g) + be > c(1-€) + de

Summary:

a>c

If, howewver, it happens that a = c, the inequality leads to:

b>d

Strateqy A is ESS if either

(i)a>cor(iil)a=cand b>d

Strict nash equilibrium -> ESS -> nash equilibrium
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Evolutionarily stable strateqy(ESS):

TET ALLD
TET mR S+ (m—1)P TFT: CDDDDDDDD...
ALLD \T + (m —1)P mP ALLD : DDDDDDDDD...

I[fm>(T-P)/(R-P), TFT can’t be invaded by ALLD. However, ALLD can
always oppose TFT’s invasion.

ALLC ALLD

ALLC (W}R ms )
ALLD \mT  mP

ALLC: CCCCccccecc...
ALLD : DDDDDDDDD...

ALLC 1s exploited by ALLD, and can’t defense the latter’s intrusion.
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Adaptive dynamics:

Replication equation:

The frequency of i Fitness of i:  fi(%) =Xj=17ij%;

4

xi'%xi[fi(x Zo(0)] | Payoff matrix: R = [r;j].m
7/ ~

/ ~

Time derivative of the frequency of i Average fitness:  @(x) = X; fi(x)x;
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Adaptive dynamics:

Two strategies:

4(X) =Taaxa + TapXp

, /.
Xqg = XA[fA(x) - QD(X)] {(P‘xA 'BCfZB,(E%A(I'xA)[fA(x) _ fB(x)]
XB’:xB[fB(x)'QD(x)] xp=1—x,

x: abundance of A
(L/_\'. 1-x: abundance of B
_‘_;0/'_—’; 7~ fitness difference
between A and B

—> selection dynamics

H/’/’. @ stable equilibrium

0 X 1 O  unstable equilibrium

o
>

fa¥) —fp()

o
x




Adaptive dynamics:
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Two strategies:

Xq =Xp(1-x)[(a—b—c+d)x+b—d]

a=Q >

>
A~
QET T
~

—> Selection dynamics

@ Stable equilibrium
O  Unstable equilibrium

A dominates B, ifa>cand b>d
A @ < OB

B dominates A, ifa<cand b<d
AQO > @B

A and B are bistable, ifa>cand b<d
A@ «—/mO— @3-

A and B coexist, ifa<cand b>d

AQ —@®+—0O8B

A and B are neutral, ifa=cand b=d

A® @B
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Adaptive dynamics:
TFT: CCCCCcccccc... TFT and ALLC are neutral
ALLC: CCCCCCCccCc... TFT @ @ ALLC

Random drift(Genetic drift): A finite population of randomly
ALL Kepr%tmé@@ﬁﬁms would experiengd dHangseifraiteg el ation
ALLIY SBISIHDBrequencies of tipdigerent enotypes (Wil 1

TET: CDDDDDDDD... TET and ALLD are bistable
ALLD : DDDDDDDDD... TFT @ «— Q——> @ ALLD
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“In silico” evolution:

Reactive strategies:

These strategies are given by two parameters:

* p denotes the probability of cooperating if the opponent has
cooperated in the previous move;

g denotes the probability of cooperating if the opponent has

defected in the previous move.

ALLC
(1.1)

GTFT
(1,1/3)

ALLD k13
(0,0) P (1,0)



“In silico” evolution:

Repeating prisoners’ dilemma:

Markov Matrix:
CC
CC P1D2
M — CD q1D2
DC P19>2
DD \q19:

51=(p1, q1)
CD
p1(1 —p2)
q:(1 — p2)
p1(1—q)
q1(1—q3)

@D HURIZIELIN =
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CC
0S. 52=(p2, CIZ) CX(j
DC DD
(1-p)p, (1—p)(A—po)
(1-q)p, (1—q)(1—py)
(1-p)g. (1—p)A—q)
(1-q)q, A -q)-qo)

If the entries of M or any power of M are all positive, markov matrix is

irreducible, and it has a stationary vector x: x™M = x

T
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“In silico” evolution:

Repeating prisoners’ dilemma:

CC CD DC DD
x = [$152,51(1 —53), (1 —51)82, (1 —51)(1 — 57)]
_I_

¢ D SlquﬂE . n=0r1—q
C (R S) ' «
D\T P 172 T Q2 Ty = Py — (o

Sy =
1—nrmnr

Thus

El(Sll Sz) =R* S]_SZ+S i 51(1 — Sz) +T* (1 — Sl)SZ + P * (1 — Sl)(l — Sz)

Then use this to calculate the n*n payoff matrix, insert the matrix into the
replicator equation, observe the evolutionary trajectory.



“In silico” evolution:

Repeating prisoners’ dilemma:

30
o (s 1)

D D
— D

——’

@

Rz HEsEIa =
Data Mining Lab

D: ALLD
C: ALLC
T: TFT
G: GTFT | Generous TFT
D T G
T ——
T
T T G
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“In silico” evolution:

Repeating prisoners’ dilemma:

AlIC

7~~~ The (nash) equilibrium
points

Generous Selection dynamics
TFT

AlID p TFT
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“In silico” evolution:

Repeating prisoners’ dilemma:

GTFT(Generous TFT):

*  Can make up for mistakes. With a certain probability, a sequence of
cooperation and defection leads back to mutual cooperation.

GTFT: CCCDCDCCCC...
GTFT: CCCCDCcCCCC...

* When GTFT plays ALLD, it has a slightly lower payoff than when
TFT plays ALLD. Hence we need TFT to initiate cooperation. But
once a cooperation population has been established, TFT will be

replaced by GTFT.
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“In silico” evolution:

Return to reactive strategies:

Previous strategies base their decision only on the last move of the opponent,
but now we consider those also base their decision on their own last action.

Last Round | CC CD DC DD
S | Pr P2 DP3 DPs

ALLC=5(1,1,1, 1 < .
C= ) s
i gl

ALLD=5(0,0, 0, 0) *‘ #
/’\ P r

_—

GTFT=5(1,1/3,1,1/3) | \

The conditional probability to cooperate

TFT=5(1,0,1,0)
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“In silico” evolution:

Return to reactive strategies: Last Round | CC CD DC DD
S | P1r P2 D3 Pa
CC
Markov Matrix:  $1=(p1, P2, P3, P4) vS. S2=(p1, P2, P3, P4) K
CC
CC CD DC DD

cc /pri pi(1—p1) (1-pdpi (A —p)(A—p)
CD |[papy p2(1—p3) (1—pps (1—p)(1—p3)
DC | psps ps(1—p5) (1—pa)p; (1 —p3)(1—p3)
DD \psps pa(1—py) (1—pps (1 —p)(1—py)

To compute the stationary vector x: x'M = x"
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“In silico” evolution:
Return to reactive strategies:

Originally this experiment was performed to confirm the success of
GTFT. Indeed for some instantiations of this evolutionary process,
GTFT is the ultimate winner. But more often another strategy is
discovered unexpectedly. This strategy is S(1, 0, 0, 1).

o)
my move

Can you ex—"-#= =Tt it e
| E

Win-stay, Lose-shift(WSLS) Wipstay:p € €c BP@ D C

my next move

Last Round | CC CD DC DD
S |1 0 0o 1 Lose-shiftD C D

C D D C
D
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“In silico” evolution:

Return to reactive strategies:

Win-stay, Lose-shift(WSLS):
* Can correct occasional mistakes, and it’s a deterministic corrector,
while GTFT is a stochastic one.
WSLS: CCCDDCCCCC...

WSLS: CCCCDCCCCC...
*  WHSLS also has another advantage over GTFT when both plays

ALLC. Briefly speaking, WSLS can exploite ALLC, but GTFT can
not. WSLS: CCCDDDDDD...

ALLC: CCCCCccccc...
Sadly, this behavior is also compatible with human psychology:
unconditional(defenseless) cooperators tend to be exploited!
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“In silico” evolution:

TFT wemep GTFT

T

ALLD = ALLC \

Random

WSLS

Oscillations of cooperation and defection
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v’ Why nash equilibrium is so shocking

Review Prisoners’ Dilemma

Review Repeated Games

v’ Strategy

v' Axelrod’s tournament

v' TFT(Tit-For-Tat)

Introduce Evolutionary Equilibrium
v' Evolutionarily stable strateqy(ESS)

v’ Adaptive dynamics

v' “In silico” evolution

v  GTFT

v’ WSLS
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